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Abstract
In this work we will show how the back-reaction can be treated as a quantum correction.
The novel semi-classical approach presented here consists in the introduction of adequate
quantum corrections into the r − t sector of the black hole metric. Thus, we will obtain
corrected values for the temperature, entropy and emission rate, which at leading order
coincide with the results in the tunneling frame. We have also applied this technique to the
Little String Theory. Interestingly, we have found similar results for the entropy as using
string one-loop calculations.
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1. Introduction
Since the pioneering proposal of Hawking that black holes can radiate [1], much work has
been done in order to obtain a complete theory of quantum gravity. In the work of Hawking a
paradox had emerged; the information loss paradox with the apparent violation of unitarity
principle has consequences on well-established quantum mechanics. A recent effort has been
done in order to get more insight on the process of the radiation emission by black holes.
Using different semi-classical approaches such as: the tunneling method [2], the complex
path analysis [3], or the cancellation of gravitational anomalies [4]; we are able to analyze
the back-reaction of the metric.
During the radiation emission of a black hole we enforce energy conservation, thus the
metric back-reacts and the event horizon shrinks. When the black hole radiates the total
ADM mass is conserved, whereas the mass of the black hole decreases by the same amount of
the energy that has been released by the black hole by emission. According to the heuristic
picture most commonly considered [5], the quantum vacuum fluctuations generate a pair
of virtual particles; one member of the pair, for example the anti-particle, falls down to
the black hole while the other member of the pair, i.e. the particle, escapes towards the
asymptotic infinity. The net effect would be as if the black hole had emitted a particle at the
expenses of slowly decreasing its mass. Accordingly, we must consider the quantum nature
of the emission process; thereby, we have been led to introduce quantum perturbations into
the original static metric of the black hole in order to evaluate the back-reaction.
In this work we have considered a perturbed general metric with some sort of perturba-
tions with quantum character. Eventually, we have the main aim to show that the back-
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reaction of the metric, i.e. imposing energy conservation, can be viewed as a quantum
perturbation. Furthermore, we have analyze the introduction of the same sort of perturba-
tions into the LST, a theory that is claimed to be dual to a certain string theory. Likewise
we have been leading to similar conclusions previously studied in the literature, but using in
this work a novel semi-classical approach.
2. Quantum correction on the metric
Consider a general metric in conformal-string frame with spherical symmetry defined in a
d-dimensional space-time,
ds2 = −f(r)dt2 + g(r)
f(r)
dr2 + h(r)r2dΩ2d−2 . (2.1)
The event horizon is found at the radial coordinate position r0 and dΩ
2
d−2 defines the (d−2)-
sphere. Since the radiation emission depends only on the r − t sector of the metric, we are
going to slightly modify those terms of the metric, furthermore we want that these changes on
the metric accounts for quantum effects. In [6] the authors introduced quantum corrections
considering all the terms in the expansion of a single particle action. Therefore, motivated
by this work, we introduce the following perturbations on the radial and time part of the
metric (2.1),
δgtt = −f(r)
∑
i
ξi~
i
ξi~i + r
(d−2)i
0
, δgrr =
g(r)
f(r)
∑
i
ξi
~
i
r
(d−2)i
0
, (2.2)
thus the slightly perturbed metric, gˆµν = g
(0)
µν + δgµν , can be written as
dˆs
2
= −f(r)
(
1 +
∑
i
ξi
~
i
r
(d−2)i
0
)−1
dt2+
g(r)
f(r)
(
1 +
∑
i
ξi
~
i
r
(d−2)i
0
)
dr2+h(r)r2dΩ2d−2 , (2.3)
where ξi are positive definite dimensionless parameters. This choice of the perturbations has
been motivated by dimensional analysis. Noticing that the reduced Planck length (l˜P =
lP
2pi
)
in a d-dimensional space-time is defined as l˜d−2P =
~G(d)
c3
, where G(d) is the d-dimensional
Newton’s constant. In natural units (G = c = 1) we obtain the following dimensional
relation [l˜d−2P ] = [~]. Since for the black hole metric (2.1) we have only one parameter with
length dimensions, i.e. the event horizon r0; we conclude that r
d−2
0 must be proportional to
~.
The perturbed metric expression (2.3) deserves a few comments. Firstly, we should
verify whether it is a solution of the Einstein equations. In fact, we notice that it is the case
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since the perturbations are independent of any of the coordinates. Secondly, we point out the
modification of the particles velocity in the region near the event horizon. Causal propagation
is limited to time-like and null particle trajectories with respect to the background (2.3),
therefore in the case of null coordinates we find that the maximum velocity of photons has
been shifted to a new value,
cˆ = c
(
1 +
∑
i
ξi
~
i
r
(d−2)i
0
)−1
. (2.4)
In any case we do not obtain superluminal propagation velocities. Eventually, we verify that
the null energy condition is not affected by the inclusion of quantum perturbations, thus
Tµνe
µeν ≥ 0, or equivalently Rµνeµeν ≥ 0 for any null vector eµ, is accomplished near the
event horizon.
Next, we are interested in to study how the Hawking temperature of the black hole is
modified by the above perturbations. Then, if we introduce the euclidean time, τ = it, we
get the corresponding Euclidean positive definite metric. Furthermore, taking into account
the definition of the proper length, dρ2 = grrdr
2, together with the expansion of the metric
function near the event horizon, f(r) = f ′(r0)(r − r0), then we can define a new radial
coordinate as ρ = 2
√
g(r)(r−r0)
f ′(r)
∣∣
r→r0
(
1 +
∑
i ξi
~
i
r
(d−2)i
0
)1/2
. Hence we write the metric in
Rindler coordinates,
dˆs
2
E = ρ
2

 f ′(r)
2
√
g(r)
∣∣
r→r0
(
1 +
∑
i
ξi
~
i
r
(d−2)i
0
)−1
dτ


2
+ dρ2 + h(r)r2dΩ2d−2 , (2.5)
where we point out the presence of the surface gravity modified by the correction terms,
κˆ =
f ′(r)
2
√
g(r)
∣∣
r→r0
(
1 +
∑
i
ξi
~
i
r
(d−2)i
0
)−1
. (2.6)
We can remove the apparent conical singularity at the event horizon in (2.5) by identifying
the imaginary (Euclidean) time coordinate with the period β = 2pi
κˆ
. Thereby we find that
the effective temperature corresponding to the perturbed black hole is
Tˆ =
~κˆ
2pi
. (2.7)
In this equation we can observe that the new temperature is just the standard Hawking
temperature
TH =
~
4pi
f ′(r)√
g(r)
∣∣
r→r0
, (2.8)
corrected by quantum perturbations.
3
3. Back-reaction viewed as a quantum correction
In the spirit of the above section we would like to analyze how the metric is affected by
the back-reaction, and consequently if we can consider such back-reaction of the metric as
a quantum effect. When the black hole emits a particle with energy ω, the metric back-
reacts in a quantity proportional to the energy released by the black hole. The total ADM
energy is conserved but the mass of the black hole is modified to M → M − ω, thereby
the event horizon shrinks leading to the tunnel emission of the particle. Eventually, energy
conservation leading us to non-thermal emission spectrum of the black holes, as one can see
in [2] and [7]. Motivated by the idea that the emitted particles are quantum fields whose
energy, ω in natural units (~ = 1), is also quantized; our aim is to show if we can treat the
back-reaction of the metric as a quantum perturbation.
In order to interpret properly the quantum perturbation of the back-reacted metric, it is
useful to show the relation between the mass and the event horizon of the black hole. For
that purpose we have calculated the Komar integral 1 associated with the time-like Killing
vector Kν . For the general background (2.1) we have found the following relation,
M =
Vol(Sd−2)
8(d− 3)piG(d)
f ′(r)√
g(r)
(
r
√
h(r)
)d−2 ∣∣
r→r0
, (3.1)
where Vol(Sd−2) stands for the volume of the (d− 2)−sphere, prime denotes derivative with
respect to radial coordinate, and all quantities are evaluated at the event horizon. Moreover,
we also impose the following three conditions on the space-time metric:
1. Spherical symmetry.
2. The background is asymptotically flat Minkowski.
3. The metric function f(r) is expressed as f(r) = 1 − ( r0
r
)d−3
, depending on the mass
through the event horizon r0. For future convenience we write the metric functions
g(r) and h(r) as
(
1 +
r2i,j
r2
)
, depending on the charges ri and rj which are different from
the mass charge. With this choice for the metric functions we see from the relation
(3.1) that M ∝ rd−30 .
Taking into account the above three conditions, and expanding in the energy of the emitted
particle ω, we eventually write (2.1) as
d˜s
2
= −f˜(r)dt2 + g(r)
f˜(r)
dr2 + h(r)r2dΩ2d−2 , (3.2)
1We will consider static backgrounds whose components of the metric are time-independent at infinity,
therefore the Komar energy is equivalent to the ADMmass: M = 1
8(d−3)piG(d)
∫
∂Σ
d(d−2)x
√
g(d−2) eµeν∇µKν .
The integral is taken over the boundary of an hypersurface Σ, and eµ are the vielbeins.
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where we have defined the new metric function f(r) as
f˜(r) = f(r) +
1
rd−3
∑
i
ωi
r
(d−3)(i−1)
0
. (3.3)
We motivate this expression for the expansion in the energy ω of the particle on dimensional
analysis, since we have just seen that rd−30 has energy-mass dimension. Proceeding as in
the above section we find the effective temperature, which is T˜ = ~
4pi
f˜ ′(r)√
g(r)
∣∣
r→r0
. Thus
taking the derivative of (3.3) at the event horizon, we eventually obtain for the temperature
corresponding to the back-reacted metric,
T˜ = TH −
~(d− 3)
4pird−20
√
g(r0)
∑
i
ωi
r
(d−3)(i−1)
0
. (3.4)
Since the heat capacity is negative, we can verify that this expression for the temperature
works properly increasing its value when the black hole emits a particle of energy ω. To
see this, we can rewrite equation (3.4) using the definition of the Hawking temperature
(2.8) together with the above third condition, hence we get for the effective temperature:
T˜ = ~(d−3)
4pi
√
g(r0)
(
1
r0
− 1
rd−20
∑
ωi
r
(d−3)(i−1)
0
)
. Since the black hole shrinks its event horizon in a
quantity proportional to ω1/(d−3) when emits a particle, we see from this last expression that
at low energies the temperature increases with respect to the standard Hawking temperature
(2.8).
Finally, if we compare the two expressions for the temperatures (2.7) and (3.4), we obtain
definite values for the dimensionless parameters in terms of the released energy,
ξi =
(
rd−20
~
)i
ωi
r
(d−3)i
0 − ωi
. (3.5)
Therefore, looking at the metric (2.3) and its corresponding temperature (2.7), we conclude
that back-reaction can be treated as a quantum perturbation leading us to the following
expressions for the perturbed metric and effective temperature respectively,
dˆs
2
= −f(r)
(
1 +
∑
i
ωi
r
(d−3)i
0 − ωi
)−1
dt2+
g(r)
f(r)
(
1 +
∑
i
ωi
r
(d−3)i
0 − ωi
)
dr2+ h(r)r2dΩ2d−2 ,
(3.6)
Tˆ = TH
(
1 +
∑
i
ωi
r
(d−3)i
0 − ωi
)−1
. (3.7)
We are going to specify all what have been said in a simple four-dimensional, static
and spherically symmetric background. Thereby we consider a Schwarzschild black hole
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which is asymptotically flat Minkowski, the metric functions are defined as: f(r) = 1− 2M
r
,
g(r) = h(r) = 1 and the event horizon is at r0 = 2M in natural units. From (3.6) we write
the perturbed back-reacted metric as,
dˆs
2
= −
(
1− r0
r
)(
1 +
∑
i
ωi
ri0 − ωi
)−1
dt2 +
1(
1− r0
r
)
(
1 +
∑
i
ωi
ri0 − ωi
)
dr2 + r2dΩ22 .
(3.8)
The Hawking temperature corresponding to a Schwarzschild black hole is TH =
1
8piM
. Then
when the black hole emits a single particle with energy ω, the new effective temperature at
first order in energy expansion will be
Tˆ =
1
8pi(M − ω)
(
1 +
ω
2M − ω
)−1
. (3.9)
Likewise at semi-classical level we calculate the Bekenstein-Hawking entropy using the area
law, SBH =
A
4
, in the presence of back-reaction effects,
SˆBH = 4pi(M − ω)2 . (3.10)
Furthermore we also calculate the emission rate through the relation Γ ∝ e−ω/T , [8]. There-
fore using the effective temperature (3.9) we obtain
Γ ∝ e−8piω(M−ω)(1+ ω2M−ω ) . (3.11)
At low energies we notice that the emission rate can be written semi-classically as
Γ ∝ e∆SˆBH , (3.12)
being the initial entropy S
(0)
BH = 4piM
2, and the final entropy (3.10). We point out that this
result coincides with the results in [2], where the emission rate also matches the statistical
mechanics picture. We see that deviation from thermal behavior when a black hole emits is
due to the energy conservation, moreover the temperature increases while the entropy of the
black hole decreases properly during the emission process. Thus summarizing, we have seen
that all the semi-classical results concerning the emission of particles are recovered when we
consider the back-reaction as a quantum correction.
On the other hand, instead of calculating the entropy using the area law, we can evaluate
the entropy through the first law of thermodynamics: dM = TdS, in the presence of back-
reaction effects. Thus using (3.9) for the temperature we obtain
Sˆ = 4piM2 − 4piMω − 2piω2log(2M − ω) + piω2 +O(ω3) . (3.13)
The first term is just the semi-classical area law, SBH =
A
4
. Nevertheless, we interestingly
point out the presence of a logarithmic correction term, which is considered a one-loop
correction term over the classical thermodynamics.
6
4. An example in string theory
In this section we are going to illustrate the preceding techniques in a stringy black hole
background, moreover we will elucidate some thermodynamical aspects. We consider a stack
of N coincident NS5-branes in type II string theory in the limit of a vanishing asymptotic
value for the string coupling, gs → 0, keeping the energy density Ems = fixed, where ms is
the string mass. In this near-horizon limit the theory becomes free in the bulk but strongly
interacting on the brane, thus defining a non-gravitational, six-dimensional non-local field
theory. This theory is known as Little String Theory (LST) and is claimed to be dual to a
string theory background, see [9, 10] for a review. The throat geometry corresponding to N
coincident non-extremal NS5-branes in the string frame is
ds2 = −f(r)dt2 + A(r)
f(r)
dr2 + A(r)r2dΩ23 +
5∑
j=1
dx2j , (4.1)
where the coordinates xj corresponds to flat spatial directions along the 5-branes. The metric
functions are defined as
f(r) = 1− r
2
0
r2
, A(r) = χ+
N
m2sr
2
, (4.2)
where the location of the event horizon corresponds to r = r0. We define the parameter χ
which takes the values 1 for NS5 model and 0 for LST, since only for this values of χ exist
a supergravity solution. According to the holographic principle, the high energy spectrum
of this dual string theory should be approximated by certain black hole in the background
(4.1), whose boundary near horizon geometry is R5,1 ×R × S3.
The Hawking temperature is
TH =
~
2pi
√
χr20 +
N
m2s
. (4.3)
Following the above techniques we introduce the perturbations at first order modifying the
function metric f(r) by
f(r)→ f(r)
(
1 +
ω
r20 − ω
)−1
. (4.4)
Now the effective temperature will be
Tˆ = TH
(
1 +
ω
r20 − ω
)−1
, (4.5)
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and also from (3.1) we have calculated the ADM mass corresponding to the NS5 and LST
black hole,
M =
Vol(R5)pi
4G(10)
(
χr20 +
N
m2s
)
, (4.6)
where Vol(R5) stands for the volume of the NS5-branes. In [11] and previously in [10] it
was found that the Helmholtz free energy vanishes, F = E − TS = 0. Thereby the entropy
coincides with the semi-classical area law entropy,
SBH =
A
4G(10)~
=
Vol(R5)pi2
2G(10)~
(
χr20 +
N
m2s
)3/2
. (4.7)
Then, for a emission process taking into account back-reaction we shall consider the effective
temperature (4.5). Moreover, considering the relation between the mass and the event
horizon (4.6), we calculate the emission rate Γ ∝ eω/Tˆ at low energies,
Γ ∝ e− ωTH (1+ ω2M+O(ω2)) , (4.8)
which is in accordance with the statistical mechanics result, Γ ∝ e∆SˆBH , being SˆBH ∝
(M − ω)3/2 the Bekenstein-Hawking entropy after the emission. This last result coincides
entirely with the result in [7] for the NS5 black hole, however it is not the case for LST
which disagrees in the factor e∼
ω
2M . In that work we calculated the emission rate modifying
naively the mass factor that appears in the temperature, i.e. M → M − ω, without taking
into account any temperature correction factor. Meanwhile in this work we have considered
the effective temperature (4.5), obtaining in this way an interesting deviation from pure
thermal behavior found in [7, 12]. Therefore this result signals some sort of correction over
the classical thermodynamics.
4.1. Discussion
The thermodynamics of the near horizon limit of NS5 presents a Hagedorn behavior, where
the statistical mechanics of any string theory breaks-down. At very high energy density, one
can see from (4.3) that the Hagedorn temperature of LST is independent of the mass, thus
at leading order the thermodynamics will be completely degenerate with a constant temper-
ature. Furthermore, the entropy will be proportional to the energy, E = THS, hence the free
energy is expected to vanish. In [13] the authors implemented string one-loop corrections in
the near horizon limit of the NS5-brane thermodynamics to explain the Hagedorn behavior
of LST. That corrections expand the phase space and introduce small deviations from the
constant Hagedorn temperature. On the other hand, in the high energy regime LST become
8
weakly coupled, thus being able to perform a perturbative holographic analysis, see [10]. In
this work it is shown that LST has a Hagedorn density of states that grows exponentially:
ρ = eS(E) ∼ EαeE/TH , then the authors computed the genus one correction to both the
temperature and the density of states. As in [13] they found an entropy-energy relation with
logarithmic corrections.
In our preceding study we have introduced, at semi-classical level, some sort of quantum
energy corrections into the temperature for back-reaction processes. Now, our aim is to
calculate the corrected entropy for the LST black hole. If we calculate the ADM mass-
energy in Einstein frame, ds2E =
√
gse−Φds
2, we find the relation between the mass and the
event horizon. Hence we can write the corrected Hawking temperature corresponding to
LST as
TˆH =
~
2pi
√
N
m2s
(
1 +
ω
4G(10)M
Vol(R5)pi
− ω
)−1
. (4.9)
We note that this temperature decreases when the LST black hole emits radiation, thereby
the specific heat will be positive. Moreover, we verify that the Hagedorn temperature is
the maximum temperature reached by the system and cannot be crossed. Now, integrating
dM/TˆH we obtain the corrected entropy,
Sˆ(M) ≈ M
TH
+
Vol(R5)pi2ω
√
N
2G(10)~ms
log(M) +O
(
1
M
)
. (4.10)
Thus, we have obtained the classical Bekenstein-Hawking term plus logarithmic corrections
to the entropy of LST. As in [10] and [13] we have found that the logarithmic term is
Vol(R5)-dependent.
Finally, we would like to make a last remark on the thermodynamics of LST. Looking at
the temperature (4.9), we are tempted to modify the plus sign of the correction factor by
minus sign. The purpose of this change of sign is to fit the usual behavior of classical black
holes, e.g. Schwarzschild-like black holes increase its temperature when they emit radiation,
and have a negative specific heat. In this case we point out that, in accordance with [10],
the logarithmic correction term of the entropy (4.10) will be negative, the temperature (4.9)
will be above the Hagedorn temperature and the specific heat will be negative, therefore the
thermodynamics will be unstable. Thus, if we perform a semi-classical analysis introducing
quantum corrections on the metric, we are able to obtain similar results as working with
string loop corrections.
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5. Conclusions
In this work we have shown that back-reaction can be treated as a quantum perturbation
on the metric. Using the novel semi-classical approach proposed here, we have reproduced
properly results for the emission rate and the entropy, not only in the simple Schwarzschild
case but as well for LST. When the function metric is modified with the appropriate correc-
tions, one obtains a corrected temperature that lead us to the classical Bekenstein-Hawking
entropy plus string one-loop logarithmic terms. Furthermore, we have seen that the temper-
ature of LST, namely the Hagedorn temperature, decreases when we consider the quantum
perturbations. Hereafter, we would be interested in to explore how the introduction of ad-
equate corrections into the metric could act as a bridge between the semi-classical side to
the quantum gravity side, shedding light into some problems that are waiting for a complete
quantum gravity theory.
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